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E-mail address: hkhong@ntu.edu.tw (H.-K. Hong).The convected plasticity model proposed by Wu (2003a,b, 2005, 2007), making use of convected coordi-
nate system, is applied to discuss the evolution of yield surface. It is shown that this constitutive model is
capable of describing all experimentally observed features of subsequent yield surface: isotropic harden-
ing, kinematic hardening, distortion, and rotation of yield surface. The rotation of yield surface in 3D
stress space has not been much discussed in the literature, but recent experiments at National Taiwan
University (Sung et al., 2011) have shown that it is an important property of subsequent yield surface.
In particular, the rotation of subsequent yield surface is pre-strain path dependent. It does not rotate,
when the pre-strain is tensile; but the yield surface rotates about the axial stress axis when the pre-strain
is torsional.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
It is well-known that the evolution of yield surface includes iso-
tropic expansion or contraction, translation, and distortion of the
yield surface. However, in a recent experimental study of our
laboratory at National Taiwan University, we found that the rota-
tion of subsequent yield surface was also an important feature of
yield surface evolution (Sung et al., 2011). Rotation of yield surface
had been previously observed and reported in the literature. But,
they were all related to non-proportional paths, including
segments of straight lines, in the two-dimensional stress space.
In our experiments, we observed yield surface rotations in the
three-dimensional stress space even in the cases of proportional
loading paths. This effect has never been reported in the literature.
We conducted experiments in the three-dimensional stress
space by applying combined axial force, torque, and internal pres-
sure to thin-walled tubular specimens. Denoting the axial direction
by z and the circumferential direction by h, the axial normal stress
is denoted by rzz, the hoop stress by rhh, and the shear stress by rhz.
In the experiments, the yield surfaces were determined based on
an equivalent offset strain of 17.68l. We found that with torsional
pre-strains the yield ellipsoid rotated clockwise about the rzz axis,
but, with reversed torsional pre-strains, the yield ellipsoid rotated
in a reversed direction about the rzz axis. On the other hand, when
the specimens were subjected to axial pre-strains, yield ellipsoids
did not rotate. Therefore, the rotational behavior of yield surfacell rights reserved.is pre-strain path dependent and a constitutive model of plasticity
should include a way to account for rotation of the yield surface.
Most researchers use models of plasticity referred to space-
ﬁxed Cartesian coordinate system (The Eulerian formulation). In
this formulation, the inﬁnitesimal element under consideration is
space-ﬁxed, and materials ﬂow in and out of the element. The con-
stitutive equations of this case include yield function, ﬂow rule,
hardening rules, and loading/unloading condition. The hardening
rules can include rules for isotropic hardening, kinematic harden-
ing, and/or distortion. A way of accounting for the rotation of yield
surface was proposed by Kurtyka and Zyczkowski (1985, 1988,
1996). Considering Ilyshin’s ﬁve dimensional space, these authors
used a moving system of coordinates translated and rotated with
respect to the original system. There were 25 quantities in the rota-
tion tensor with only ten of them being independent. This rotation
tensor could be applied to any non-proportional loading, but, only
two-dimensional cases were considered in the examples. This
approach was subsequently applied by Vincent et al. (2004). Using
a different approach, Dafalias (2000) proposed the notion of plastic
spin as a constitutive ingredient necessary to address the question
of the rotation of anisotropic axes. Following this approach, anisot-
ropy axes were related by Choi et al. (2006) to the constitutive spin
by a co-rotational rate. In this way, the rotational hardening could
change the anisotropy axes of the yield function. The theory was
applied to the two-dimensional stress space. Other studies of
non-proportional loading in the two-dimensional stress space
were carried out by Yoon et al. (1995), Losilla and Tourabi (2004)
and Rousselier et al. (2009, 2010). No examples using the afore-
mentioned two approaches have been found in the literature that
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space.
We will show in this paper that the convected plasticity model
developed byWu (2003a,b, 2005, 2007) is capable of describing the
yield surface rotation without having to introduce additional yield
surface rotation rules to the set of plasticity constitutive equations.
The convected plasticity model belongs to a material formulation
where all physical quantities are referred to a convected coordinate
system that is attached to and deforming with the deforming body
element.
We prefer the material formulation to the Eulerian formulation,
because in this formulation we do not have to deal with the invari-
ants of stress and structure tensors so that the constitutive equa-
tions remain in a simple form similar to the small strain theory
of plasticity and all material parameters can be experimentally
determined. The work presented in this paper is a continuation
of research works reported in Wu (2003a,b, 2005, 2007). In this
approach, we use the true stress tensor s

with its contravariant
component sij referred to a convected coordinate system. Each of
the stress components sij is invariant with respect to observer
transformation and the yield function is expressed in terms of
the stress components rather than the stress invariants as in the
Eulerian formulation. In addition, the structure tensors are not
needed in this formulation even though they may be included if re-
quired. The use of the components of stress and strain referred to
the convected coordinate system is consistent with the experimen-
tally measured stress and strain. We further mention here that the
constitutive equations formulated in this way may be transformed
to a space-ﬁxed coordinate system to work with fundamental
equations written in the Eulerian form and to make use of the
available computational algorithms.
The convected plasticity model was applied by Wu (2003a,b,
2005, 2007) to describe plastic behavior of high-purity cast alumi-
num. This material was a high strain-hardening material and the
cross effect was positive, i.e., the size of yield surface increased
with pre-strain. The cross effect can be either positive or negative
depending on the material tested, but Phillips et al. (1974) tested
1100-O aluminum in the small strain range and found that the size
of yield surface did not change (no cross effect) with pre-strain.
Additional experimental works showing the cross effect are Stout
et al. (1985), Helling et al. (1986), Wu et al. (1995) and Khan
et al. (2009, 2010). In addition, there were experimental results
(Williams and Svensson, 1971; Shiratori et al., 1973; Helling
et al., 1986) showing contraction of yield surface at small pre-
strain followed by expansion of yield surface at larger pre-strain le-
vel. The experimental results of Sung et al. (2011) on annealed
6061 aluminum also showed a contraction of yield surface fol-
lowed by an expansion. In this work, we will take this property
of isotropic hardening into consideration.
In our previous work (Wu, 2003a,b, 2005, 2007), the theory was
applied to the two dimensional stress space, i.e., the (rhz,rzz) space.
We worked in the plane stress state of combined axial-torsion of
thin-walled cylinders. In this paper, we consider the case when
the hoop stress rhh is not zero so that we are dealing with a
three-dimensional state of stress (rhz,rzz,rhh). In this 3D stress
space, the yield surface can undergo isotropic hardening, kinematic
hardening, distortion, and rotation. The ﬁrst three features of yield
surface evolution have been extensively discussed in the litera-
tures, while the rotation of yield surface, which has been observed
in our recent experiments (Sung et al., 2011), has rarely been dis-
cussed by investigators (As mentioned previously, most works on
rotation of yield surface were for two-dimensional stress space
only). We show in this paper, that the convected plasticity model
is capable of describing the evolution of yield surface in the 2D
(rhz,rzz) space as well as in the 3D (rhz,rzz,rhh) space. The latter
features the rotation of yield surface.2. Stress and deformation
The convected system denoted by hi is generally curvilinear. The
(true) stress components acting on a convected material element
are referred to the convected coordinate system, but they may also
be expressed, through a coordinate transformation, in terms of the
Cauchy stress components referred to a space-ﬁxed Cartesian coor-
dinate system xi. The relation is
sij ¼ @h
i
@xp
@hj
@xq
rpq ð1Þ
where sij are the contravariant components of the true stress tensor
s

;rpq are the Cauchy stress components referred to xi.
In the deformed (current) conﬁguration, the stress tensor s

may
be expressed in terms of components and bases as
s

¼ sijg

i  g

j ¼ sijg

i  g

j ¼ rijei  ej ð2Þ
where sij and rij are related by (1); sij are the covariant compo-
nents; g

i and g

i are respectively the covariant and contravariant
base vectors of convected coordinates in the deformed conﬁgura-
tion; and e
i
are the base vectors of the reference Cartesian coordi-
nate system. The components and base vectors for the cylindrical
coordinate system are discussed in Appendix A.
Following Wu (2005), the strain tensor is deﬁned as
~cij ¼ 12 ðgij  GijÞ ð3Þ
where Gij and gij are metric tensors at the undeformed and de-
formed conﬁgurations, respectively. We use the tilde (~) to denote
components referred to the convected coordinate system. This is
generally true except for stress components sij and sij and some spe-
ciﬁcally deﬁned tensors such as Gij and gij, etc. It is known that the
covariant strain components ~cij describe the strain of the convected
material element. Although the strain and its rate of change are de-
ﬁned using the material concept, the rate of change can be projected
onto the reference Cartesian coordinate system to enable mathe-
matical manipulations. Following Green and Zerna (1954) and Wu
(2005), the transformation equation is
D~cij
Dt
¼ 1
2
Dgij
Dt
¼ @xm
@hi
@xn
@hj
Dmn ð4Þ
where Dij is the rate of deformation tensor referred to the reference
Cartesian coordinate system. Since Dij may be divided into the elas-
tic and plastic parts, i.e., Dij ¼ Deij þ Dpij , (4) leads to
Dgeij
Dt
¼ 2 @xm
@hi
@xn
@hj
Demn and
Dgpij
Dt
¼ 2 @xm
@hi
@xn
@hj
Dpmn ð5Þ
in which superscript e denotes the elastic part and superscript p de-
notes the plastic part of the quantity.
3. The convected plasticity model
The equations of convected plasticity model have been summa-
rized and presented in Wu (2005) and are now brieﬂy presented in
this section in a slightly different form because of non-zero hoop
stress r22 = rhh– 0 in this discussion. The axial stress is denoted
by r33 = rzz and the shear stress is denoted by r23 = rhz in this
paper. For the plane stress state of thin-walled cylinders, convected
cylindrical coordinate system is applied.
The yield function 2/ in the sij stress space making use of a
combined isotropic-kinematic hardening rule is from Wu (2003b,
2005)
2/ ¼ A1ð~n22Þ2  2A2~n22~n33 þ A3ð~n33Þ2 þ 2A4~n23~n22 þ 2A5~n23~n33
þ 2A6ð~n23Þ2 ¼ f 2 with ~nij ¼ sij  ~aij ð6Þ
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the sij – stress space and its evolution will be discussed later; the
coefﬁcients Ai are
A1 ¼ ðGþ HÞ R
4
1þ ck
 2 ; A2 ¼ Ghk2R2; A3 ¼ 2Gh2k4 1þ ck
 2 
;
A4 ¼ BdkR
3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ck
 2q ; A5 ¼ BRhk3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
k
 2r
; A6 ¼ Mk2R2
ð7Þ
in which G, H, and M are material constants similar to those ap-
peared in Hill’s (1950) quadratic yield function; R is the radius of
the cylinder at undeformed conﬁguration; k is the extension ratio
along the axial direction and it may be expressed in terms of the ax-
ial strain e as
k ¼ ee ð8Þ
In (7), c is the shear strain; d is a material parameter to be further
explained; h(e) is a yield surface distortion function due to axial
pre-strain; and
B ¼
4ðGþHÞc3
1þc2
k2
 
k3
 4ðGhMÞck þxSin2u
2h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c2
k2
q
þ 6dc2
k2
ﬃﬃﬃﬃﬃﬃﬃ
1þc2
k2
q ð9Þ
with
u ¼ tan1 2D
p
23
Dp33
 
ð10Þ
In (9) and (10),Dp23 and D
p
33 are plastic parts of rate of deformation;x
is a material parameter. Eq. (9) was obtained by imposing the
requirement of no rotation of yield surface in the 2D (rhz,rzz) space
due to torsion pre-strain, and this is a well recognized experimental
ﬁnding.
The yield function given by (6) may be transformed into the rij
space by use of (1) and by projecting the back stress ~aij onto the rij
space with components aij. The transformation equation is
aij ¼ @xi
@hp
@xj
@hq
~apq ð11Þ
In the case of combined hoop-axial-torsion, the non-zero compo-
nents of aij are a22, a23, and a33. Thus, (11) reduces to
~a22 ¼ a33c
2  2a23ckþ a22k2
r2k2
; ~a23 ¼ a33cþ a23k
rk2
; ~a33 ¼ a33
k2
ð12Þ
where r is the radius of the cylinder at the deformed conﬁguration
(Appendix A).
Referred to the ﬁxed Cartesian system, the yield function (6) is
now written as
2/ ¼ A23n223 þ A22n222 þ A33n233 þ A2333n23n33 þ A2322n23n22
þ A2233n22n33 ¼ f 2 ð13Þ
The expressions of coefﬁcients A23, A22, A33, A2333, A2322 and
A2233 are given in Appendix B and
nij ¼ rij  aij ð14Þ
In the convected coordinate system the ﬂow rule is
Dgpij
Dt
¼ _K @/
@sij
ð15Þ
where _K is the plastic multiplier. To transform (15) into the ﬁxed
Cartesian system, we ﬁrst assume that
Dp22 ¼ 0:9Dp33 and Dp11 ¼ 0:1Dp33 ð16ÞThis assumption is based on our experimental observation (Wu
et al., 1998) that the wall thickness of the cylinder did not change
much during combined axial-torsion loading. Most changes oc-
curred in the radius of the cylinder and the circumferential strain
was measured to be 0.9 of the axial strain. To satisfy plastic
incompressibility, the factor in the thickness strain was taken as
0.1. Using (15), (16) and (5), the plastic rate of deformation may
be found to be
Dp33 ¼ _Kðg1n23 þ g2n33 þ g3n22Þ
Dp23 ¼ _Kðg4n23 þ g5n33 þ g6n22Þ
Dp22 ¼ 0:9Dp33
ð17Þ
in which the expressions of gi are given in Appendix C.
The convected rates of rij and aij deﬁned by
rij ¼ _rij 
@v i
@xk
rkj  @v j
@xk
rik ¼ @xi
@hp
@xj
@hq
_spq ð18Þ
and
aij ¼ _aij 
@v i
@xk
akj  @v j
@xk
aik ¼ @xi
@hp
@xj
@hq
_~apq ð19Þ
are, in this discussion, respectively given by
rij ¼
Drij
Dt
 4D23r23þ2D22r22 r23ðD22þD33Þþ2r33D23
r23ðD22þD33Þþ2r33D23 2r33D33
 
ð20Þ
and
aij ¼
Daij
Dt
 4D23a23 þ 2D22a22 a23ðD22 þD33Þ þ2a33D23
a23ðD22 þD33Þþ 2a33D23 2a33D33
 
ð21Þ
In (18) and (19), vi = Dxi/Dt are Cartesian components of the particle
velocity.
Considering nonlinear kinematic hardening, the evolution equa-
tion for the deviatoric part of back stress aDij is
aDij ¼ cDpij  jaDij _1 with aD11 þ aD22 þ aD33 ¼ 0 ð22Þ
where c and j are parameters; f is a monotonically increasing time-
like parameter that is deﬁned by
_1 ¼ j _gpj ð23Þ
in which _gp is the equivalent plastic strain rate such that the rate of
plastic work is
_Wp ¼ 1
2
~nij
Dgpij
Dt
¼ 1
2
s _gp ð24Þ
where s is the equivalent stress deﬁned by
s ¼ fﬃﬃﬃﬃﬃ
M
p ð25Þ
Substituting (15) into (24), we have
_Wp ¼ 1
2
f 2 _K ð26Þ
We then combine (24)–(26) to obtain
_gp ¼
ﬃﬃﬃﬃﬃ
M
p
f _K ð27Þ
In the present case, (22) leads to
a22 ¼ c 2Dp22 þ Dp33
  ja22 _1
a23 ¼ cDp23  ja23 _1
a33 ¼ c Dp22 þ 2Dp33
  ja33 _1
ð28Þ
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behavior is isotropic. This assumption has a minimal effect on
the anisotropic, large plastic deformation. The elastic constitutive
equations under plane stress condition are
E
1 m2 m D33  D
p
33
 þ D22  Dp22 	 
 ¼ r22  a22
E
1 m2 D33  D
p
33
 þ m D22  Dp22 	 
 ¼ r33  a33
2l D23  Dp23
  ¼ r23  a23
ð29Þ
in which E and l are elastic moduli; and m is the Poisson ratio. Using
(20) and (28), the ﬁrst two equations of (29) may be solved for D22
and D33 to obtain
D22 ¼ AA=BB and D33 ¼ CC=BB ð30Þ
where the expressions of AA, BB and CC are given in Appendix D. The
third equation of (29) is reduced to
2ðlþ r33ÞD23 ¼ Dr23Dt  r23ðD22 þ D33Þ þ ð2l cÞD
p
23 þ ja23 _1
ð31Þ4. Material constants
Material constants are determined based on experimental re-
sults of Sung et al. (2011). The material used in the experiments
was annealed 6061aluminum and its elastic moduli were E =
72 GPa and l = 25 GPa, and Poisson’s ratio was 0.33. Several mate-
rial constants of the theory need to be determined and we ﬁrst
determine G, H, andMwhich are similar to those appeared in Hill’s
(1950) quadratic yield function. We let
G ¼ pH and M ¼ qH ð32Þ
where p is a parameter to be determined based on the ratio be-
tween initial yield stresses rY22 and rY33 in the hoop and axial direc-
tion, respectively; and q is a function to be determined based on the
aspect ratios of yield surfaces.
At initial yielding, e = 0, c = 0, and h = 1. Using these conditions
and (32), yield function (13) reduces to
1
2
ðpþ 1Þr222 þ qr223  pr22r33 þ pr233 ¼
f 2
2H
ð33Þ
Based on (33), the ratio between the yield stresses can be deter-
mined as
q ¼ r
Y
22
rY33
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p
pþ 1
s
ð34Þ
and from (34), we ﬁnd that p > 1, when q > 1; q = 1, when q = 1; and
p < 1, when 0 6 q < 1. For the material considered, rY22 ¼ 52 MPaFig. 1. (a) Inverse aspect ratio due to pre-strain in torand rY33 ¼ 37 MPa, thus p = 79.48. The constant H can then be deter-
mined from the initial yield surface in the 2D axial-torsion space.
Since q = 3p at initial yielding, the yield surface is
3r223 þ r233 ¼
1
p
f 2
2H
 
¼ ð37Þ2 with f ¼ 1 ð35Þ
which satisﬁes the Mises yield criterion. Thus, from (35), we ﬁnd
H = 4.5953  106 MPa2.
Next, we determine the function q based on inverse aspect ra-
tios of experimental subsequent yield ellipses in the r23 vs r33
space subjected to torsion pre-strain. By putting e = 0, w = p/2,
and h = 1 in (13), it may be shown that the inverse aspect ratio
of the ellipse for each level of torsion pre-strain may be calculated
by use of
r23yield
r33yield
¼
ﬃﬃﬃﬃﬃﬃﬃ
A33
A23
s
ð36Þ
This ratio is plotted against shear pre-strain c in Fig. 1(a) and the
dots denote experimental data. The following expression for q,
which ﬁrst appeared in (32), would ﬁt the experimental data well
q ¼ 3½1þWð1 eXcÞp ð37Þ
with W = 0.85 and X = 100. The parameter d = 4 also appeared in
the equation but its value varying from 0.45  4.0 did not make
noticeable difference in the curve plotted in Fig. 1(a). Parameter d
does have a signiﬁcant effect on the rotation of yield surface, which
will be discussed in a later section. The measured inverse aspect ra-
tios are also shown in Fig. 1(a).
We now make use of the measured aspect ratios of subsequent
yield ellipses in the r23 vs r33 space subjected to axial pre-strain to
determine the distortion function h. In this case, c = 0, and w = 0. It
may be shown from (13) that the aspect ratio has the same expres-
sion as in (36) and the following expression may be chosen for the
h function
h ¼ ½eeð1:3 0:3emeÞ12 with m ¼ 1200 ð38Þ
The theoretical and measured aspect ratios are plotted in Fig. 1(b).
Finally, we determine the isotropic-hardening function f. For the
material under consideration, the cross effect is negative at small
strain level and it changes to positive at larger strain level. Thus,
two expressions for f are proposed as
f ¼ 1 ASin 1
1
p
 
for 1 6 1
f ¼ D ðD 1Þebð11Þ for 1 > 1
ð39Þ
where A = 0.05, b = 50, 1⁄ = 0.01, and D = 1.4. The time-like parame-
ter f deﬁned by (23) is determined by an iteration process. The val-
ues of f at each pre-strain level need to be determined from the
axial and torsion stress–strain curves, in which the function of f ission, (b) aspect ratio due to pre-strain in tension.
Fig. 2. The isotropic hardening function f.
Table 1
Values for listed functions at various stages of axial pre-strain.
Strain e Exp. f f Th. f Exp. a33
(MPa)
Th. a33
(MPa)
Th. a22
(MPa)
Th. a23
(MPa)
0 1.0 0 1.0 0 0 0 0
0.5% 0.945 0.006091 0.9578 28.27 23.30 16.86 0
1% 1.0 0.01275 1.0508 34.82 30.30 21.87 0
3% 1.205 0.03943 1.3081 52.49 40.38 29.11 0
4% 1.355 0.05278 1.3529 58.56 44.04 31.75 0
Table 2
Values for listed functions at various stages of torsion pre-strain.
Shear
strain c
Exp. f f Th. f Exp. a23
(MPa)
Th.
a23(MPa)
Th. a22
(MPa)
Th. a33
(MPa)
0 1.0 0 1.0 0 0 0 0
0.144% 0.00047 0.992 2.23 0.001 0
0.5% 0.947 0.00305 0.9547 14.29 10.92 0.04 0.03
1% 0.989 0.00664 0.9513 17.99 17.09 0.11 0.01
3% 1.307 0.02073 1.1655 22.60 24.22 0.23 0.04
6% 1.318 0.04189 1.3187 24.19 29.06 0.29 0.04
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new f, and so on. Also, from the measured yield surfaces, the value
of f can be determined with f = 1 at initial yielding. Fig. 2 shows the f
function plotted against the experimental data.
There are two more material parameters c and j to be deter-
mined. These are parameters that appear in the nonlinear kine-
matic hardening rule (22). We consider the case that c is a
nonlinear function of f and it has the following form
c ¼ c0½Q  ðQ  1ÞeQ1 ð40Þ
We select parameters j = 25, c0 = 14 GPa, Q = 2.5, and Q⁄ = 10 to
match the axial and shear stress–strain curves. The return-mapping
algorithm (Simo and Hughes, 1998; Wu, 2005) is used for computa-
tion of these curves. The algorithm for computation is given in
Appendix E. Figs. 3 and 4(a) show respectively the axial and shear
stress–strain curves together with experimental data from Sung
et al. (2011); Figs. 3 and 4(b) show the back stress curves. The ﬁt
is acceptable, although there is room for improvement. Theoretical
values of strain (e,c), backstress (a22,a23,a33), isotropic hardening
function f, and time-like parameter f obtained from these stress–
strain curves at each pre-stain stage are given in Table 1 for axialFig. 3. (a) Axial stress–strain curve,
Fig. 4. (a) Shear stress–strain curve,pre-strain and in Table 2 for torsion pre-strain. These data will be
used to ﬁnd theoretical subsequent yield surfaces to be discussed
in the next section.5. The 2D subsequent yield surfaces
The description of 2D subsequent yield surface in the (rzz  rhz)
stress space by use of convected plasticity model was given by Wu
(2003) for high purity aluminum. We present the same topic here
again because we are dealing with a different material when the
cross effect of the yield surface varies from negative to positive.
A more important reason is that the discussion of 2D yield surface(b) back stress in axial loading.
(b) back stress in shear loading.
Fig. 5. 2D yield surface with axial pre-strain: (a) e = 0, (b) e = 0.005, (c) e = 0.01, (d) e = 0.03, (e) e = 0.04, (f) all yield surfaces.
H.-C. Wu, H.-K. Hong / International Journal of Solids and Structures 48 (2011) 2310–2323 2315
Fig. 6. 2D yield surface with torsion pre-strain: (a) c = 0, (b) c = 0.005, (c) c = 0.01, (d) c = 0.03, (e) c = 0.06, (f) all yield surfaces.
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sented in the next section. We show that the same constitutive
model with the same material constants can describe subsequent
yield surfaces in both 2D and 3D stress spaces. Actually, the afore-
mentioned 2D stress space is just a subspace of the 3D stress space.
In the case of axial pre-strain, we let u = 0, c = 0, and n22 = 0. Eq.
(13) with A2333 = nSin2u = 0 reduces to
A23n
2
23 þ A33n233 ¼ f 2 ð41Þ
where
A23 ¼ 0:0021914 and A33 ¼ 0:00073046eeð1:3 0:3e1200eÞ
ð42Þ
In the case of torsion pre-strain, u = p/2, e = 0, h = 1 and n22 = 0; and
Eq. (13) with A2333 = nSin2u = 0 reduces also to (42), but the coefﬁ-
cients are
A23 ¼ e
100cð0:00186367þ 0:003725c2 þ 0:005588c4Þ
ð1þ 14c2 þ 13c4Þ
þ 0:004054þ 0:005059c
2 þ 0:006922c4
ð1þ 14c2 þ 13c4Þ
A33 ¼ e
100cc2ð0:00186367 0:003725c2  0:005588c4Þ
ð1þ 14c2 þ 13c4Þ
þ 0:000730þ 0:007633c
2 þ 0:02526c4 þ 0:01688c6
ð1þ 14c2 þ 13c4Þ ð43Þ
Fig. 5(a–e) shows the calculated initial and subsequent yield sur-
faces for thin-walled tubes with axial pre-strains of 0, 0.5%, 1%, 3%
and 4%, and Fig. 5(f) shows all theoretical yield surfaces plotted to-
gether. Fig. 6(a–e) shows the yield surfaces with torsion pre-strains
of 0, 0.5%, 1%, 3% and 6%, and Fig. 6(f) shows all theoretical yield sur-
faces plotted together. The experimental data of Sung et al. (2011)
are also shown for comparison. It is seen that the calculated results
generally agree with the experimental results.
6. The 3D subsequent yield surfaces
In this section, we consider subsequent yield surfaces in the 3D
(rzz  rhh  rhz) space, in which axes rzz and rhh form a horizontal
plane and the rhz axis is normal to this plane. In this space, the
anisotropic yield surfaces are distorted ellipsoids and can be best
viewed by cutting different sections. The yield loci of the previous
section (Section 5, The 2D case) were obtained by cutting the yieldFig. 7. Yield locus in the (rhh–rzz) subspace.ellipsoid by the (rzz  rhz) plane. We now discuss three additional
ways of cutting the ellipsoid. The ﬁrst section is cutting the ellip-
soid by a horizontal plane with rhz = 0, and we consider the yield
loci in the (rzz  rhh) subspace. The second and third sections are
obtained by cutting the ellipsoid with a vertical plane, which con-
tains the rhz – axis and is perpendicular to the horizontal plane.
The section on which rzz = rhh is the s1 section with s1 ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2zz þ r2hh
q
, and the section on which rzz = rhh is the s2 section
with s2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2zz þ r2hh
q
. We then consider the yield loci in the
(rhz  s1) and (rhz  s2) subspaces.
For the ﬁrst section at initial yielding, we apply u = 0, e = 0,
c = 0, and h = 1 to yield function (13) and the resulting yield locus
in the (rzz  rhh) subspace is plotted in Fig. 7 together with exper-
imental data of Sung et al. (2011). We then proceed to investigate
the second and third sections of the yield ellipsoid. We consider
ﬁrst the evolution of yield surface caused by pre-strain in torsion
and then consider the case with axial pre-strain.
In the case of pre-torsion, the yield surface is described by (13)
subjected to u = p/2, e = 0 and h = 1. Substituting these conditions
into A23, A22, A33, A2322,and A2233, given in Appendix B, the coefﬁ-
cients are obtained as functions of c, but with A2333 = nSin2u = 0.
The last condition indicates that the yield surface (13) does not
rotate about the rhh–axis, which agrees with the experimental
ﬁnding of Sung et al. (2011). However, the yield surface does rotate
about the rzz–axis, because A2322– 0. Figs. 8 and 9(a–f) show,
respectively, the yield loci in the (rhz  s1) and (rhz  s2) subspaces
for torsion pre-strain of 0, 0.144%, 0.5%, 1%, 3% and 6%. The exper-
imental results of Sung et al. (2011) are also shown. Even though
the agreement is not perfect, it does show that there is a rotation
of yield surface about the rzz-axis caused by torsion pre-strain.
Figs. 8 and 9(g) show all theoretical curves plotted together for
the two different sections of the ellipsoids. We now give a remark
about parameter d = 4 used in this calculation. A different value of d
(in the range of 0.45  4.0) would not change any results pre-
sented in this paper except for the angle of rotation of yield surface
about the rz-axis and we found that d = 4 would best match the
experimental result.
We next consider the evolution of yield surface caused by axial
pre-strain. Substituting u = 0, c = 0, and k = ee into (13), the yield
function is given by
A23n
2
23 þ A22n222 þ A33n233 þ A2233n22n33 ¼ f 2 ð44Þ
with
A23 ¼ 2M; A22 ¼ Gþ H; A33 ¼ 2Gh2; A2233 ¼ 2Gh;
A2333 ¼ A2322 ¼ 0
ð45Þ
We see from (44) that the yield surface does not rotate about either
the rzz or rhh axes, because A2333 = A2322 = 0. We consider here the
initial yield surface and a subsequent yield surface determined by
an axial pre-strain to e = 4% followed by an axial unloading to the
center O0 of the corresponding yield surface at rzz ¼ a33 ¼ 12:5 MPa.
We now consider the yield loci on the (rhz  s1) and (rhz  s2)
sections. In the case of initial yield surface, the center of yield sur-
face is at the origin O so that the s1 and s2 lines emanate from the
origin. But, in the case of subsequent yield surface, the s1 and s2
lines emanate from the center O0 of the subsequent yield surface
so that the equation of the s1-line is
r33 ¼ a33 þ r22 ð46Þ
and the equation of the s2-line is
r33 ¼ a33  r22 ð47Þ
By substituting (46) into (44) and (45), the yield loci of the (rhz  s1)
section are found and plotted in Fig. 10(a) and (b) together with
Fig. 8. (rhz  s1) section with torsion pre-strain: (a) c = 0, (b) c = 0.005, (c) c = 0.01, (d) c = 0.03, (e) c = 0.06, (f) all yield surfaces.
2318 H.-C. Wu, H.-K. Hong / International Journal of Solids and Structures 48 (2011) 2310–2323experimental data. Then, by substituting (47) into (44) and (45), the
yield loci of the (rhz  s2) section are found and plotted in Fig. 11(a)and (b) together with experimental data. It is seen that no rotation
occurred in both (rhz  s1) and (rhz  s2) sections.
Fig. 9. (rhz  s2) section with torsion pre-strain: (a) c = 0, (b) c = 0.005, (c) c = 0.01, (d) c = 0.03, (e) c = 0.06, (f) all yield surfaces.
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Fig. 10. (rhz  s1) section with axial pre-strain: (a) e = 0, (b) e = 0.04.
Fig. 11. (rhz  s2) section with axial pre-strain: (a) e = 0, (b) e = 0.04.
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In this paper, we applied the convected plasticity model to the
case with non-zero hoop stress in the combined loading of a thin-
walled tube. In this way, we are able to investigate the evolution of
yield surface in the 3D (rzz  rhh  rhz) stress space. We have
shown that the model is capable of describing isotropic expan-
sion/contraction, distortion, translation, and rotation of subse-
quent yield surface. In particular, different pre-strain paths affect
the rotation of subsequent yield surfaces. A pre-strain in torsion
will make the yield surface rotate about the rzz-axis, while a pre-
strain in tension does not cause the yield surface to rotate.
The rotation of subsequent yield surface in the 3D stress space
has not yet received much attention by investigators. We believe
that the constitutive equations of plasticity are not complete with-
out taking the rotation of subsequent yield surface into consider-
ation. We hope that in future investigations, the rotation of
subsequent yield surface will be further discussed, both experi-
mentally and theoretically, including non-proportional paths in
the 3D stress space.
Finally, we mention that this work was carried out based on the
experimental ﬁnding of Sung et al. (2011), in which rotation was
viewed from the positive longitudinal stress half space. The resultmight be different if viewed from the negative longitudinal stress
half space. However, the latter case may encounter the buckling
problem for thin-walled tubes and it will be a challenge to conduct
such experiments.
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090).Appendix A. Cylindrical coordinate system
In the combined hoop-axial-torsion of a thin-walled tube, we
assume that the wall is so thin that the thickness is not a factor
in the analysis. The cylindrical coordinates are used, and, at the
undeformed state, a point P has coordinates (R,H,Z) with h1 = R,
h2 =H, and h3 = Z. The coordinate transformation equations are
X1 ¼ R cos h; X2 ¼ R sin h; X3 ¼ Z ðA1Þ
where Xi are Cartesian coordinates at undeformed conﬁguration.
The metric tensors are
Fig. A1. Base vectors at deformed conﬁguration.
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1 0 0
0 R2 0
0 0 1
2
64
3
75; Gij ¼
1 0 0
0 1
R2
0
0 0 1
2
64
3
75; G ¼ jGijj ¼ R2 ðA2Þ
Point P in the undeformed state moves to p in the deformed
state. Point p has coordinates (r,h,z) and the coordinate transfor-
mation equations are
x1 ¼ r cos h; x2 ¼ r sin h; x3 ¼ z ðA3Þ
The two sets of cylindrical coordinates are related by
r ¼ rðRÞ; h ¼ Hþ wZ; z ¼ kZ ðA4ÞA2233 ¼ 2½Gðh 1Þc
2 þ hk2½c2dþ hðc2 þ k2Þ  c2fhHðc2 þ k2Þ þ d½Hc2  2Mðc2 þ k2Þg þ cdkðc2 þ k2ÞnSin2u
ðc2 þ k2Þ½3c2dþ hðc2 þ k2Þ ðB5Þ
A2322 ¼
k 4c hHðc2 þ k2Þ þ d½2Hc2 Mðc2 þ k2Þ þ G½2c2dþ hð1þ dÞðc2 þ k2Þ þ dkðc2 þ k2ÞnSin2u 
ðc2 þ k2Þ½3c2dþ hðc2 þ k2Þ ðB6Þ
Fig. A2. The convected material element.where w is the angle of twist per unit undeformed length and k is
the extension ratio. The metric tensors in the deformed conﬁgura-
tion are
gij ¼
1
k 0 0
0 r2 wr2
0 wr2 w2r2 þ k2
2
64
3
75; gij ¼
k 0 0
0 w
2
k2
þ 1r2  wk2
0  w
k2
1
k2
2
64
3
75;
g ¼ jgijj ¼ r2k ðA5Þ
with shear strain c given by
c ¼ wr ðA6Þ
Fig. A1 shows the covariant and contravariant base vectors at the de-
formed conﬁguration and a reference Cartesian coordinate system
(x,y,z) with origin o located at the center of the circular cross-section
of the tube. The Cartesian coordinate systems (Xi,O) and (xi,o) are ta-
ken to coincide with (x,y,z,o). These base vectors together with the
convected material element are also shown in Fig. A2. Note that
dh2g

2 and dh3g

3 deﬁne the sides of the convected material element.
Nonzero stress components are s22, s33 and s23. Index 2 indi-
cates the hoop direction and index 3 the axial direction of the tube.
These components are further related to the nonzero Cauchy stresscomponents r22, r33 and r23 by use of (1). Other stress compo-
nents are zero. The relations are
s33 ¼ r
33
k2
; s23 ¼ s32 ¼ 1
rk2
ðkr23  cr33Þ;
s22 ¼ 1
r2k2
ðk2r22  2ckr23 þ c2r33Þ ðA7ÞAppendix B. Coefﬁcients for yield function in rij space
A23 ¼
2 ð2hHþhMþ2HdMdÞc4þ 2hHþ2hMMdð Þc2k2þhMk4 
ðc2þ k2Þ½3c2dþhðc2þk2Þ
þ2 2Gc
2½c2dþhð1þ2dÞðc2þ k2Þcdkðc2þ k2ÞnSin2u 
ðc2þk2Þ½3c2dþhðc2þ k2Þ
ðB1Þ
A22 ¼ Gþ H
1þ c2
k2
ðB2Þ
A33 ¼
G c6dhc4ð3þ2dÞðc2þ k2Þþ2h2c2ð1þ3dÞðc2 þ k2Þ2 þ2h3ðc2þ k2Þ3
h i
k2ðc2 þ k2Þ 3c2dþhðc2þ k2Þ
h i

c2 c2d Hc2 2Mðc2þ k2Þ
h i
þhðc2þ k2Þ 3Hc2 þ2Mðc2 þ k2Þ
h in o
k2ðc2þ k2Þ 3c2dþhðc2 þ k2Þ
h i

ckðc2 þ k2Þ c2dþhðc2 þ k2Þ
h i
nSin2u
k2ðc2 þ k2Þ 3c2dþhðc2þ k2Þ
h i ðB3Þ
A2333 ¼ nSin2u ðB4Þ
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g1 ¼
A2  A6ð Þcr þ A4c2 þ 12A5r2
r3kð0:9c2 þ k2Þ ðC1Þg2 ¼
ðA6  12A2Þrc2 þ 12A3r3  12A4c3  A5r2c
r3k2ð0:9c2 þ k2Þ ðC2Þg3 ¼ 
A2r þ A4c
2r3ð0:9c2 þ k2Þ ðC3Þg4 ¼
0:9A2rc2kþ 12 kðA4c A6rÞð0:9c2  k2Þ þ 0:45A5r2ck
r3k3ð0:9c2 þ k2Þ ðC4Þg5 ¼
0:45ðA3r2A5crA2c2Þcr 14 ðA5r22A6crþA4c2Þð0:9c2 k2Þ
r3k3ð0:9c2þ k2Þ
ðC5Þg6 ¼ 
0:9A2cr þ 12A4ð0:9c2  k2Þ
2r3kð0:9c2 þ k2Þ ðC6ÞAppendix D. Factors in Eq. (30)
AA ¼ Dr22
Dt
 4D23r23
 
½Eþ 2ð1 m2Þr33  Dr33Dt Em
þ Dp22fE2 þ 2½E 2cð1 m2Þr33  cEð2 mÞg
þ Dp33f½2Em 2cð1 m2Þr33  cEð1 2mÞg
þ jd1½Eða22  ma33Þ þ 2a22r33ð1 m2Þ ðD1ÞBB ¼ E2 þ 4ð1 m2Þr22r33 þ 2Eðr22 þ r33Þ ðD2Þ
CC ¼ Dr22
Dt
Emþ Dr33
Dt
½Eþ 2ð1 m2Þr22 þ 4D23r23Em
þ Dp22f½2Em 2cð1 m2Þr22  cEð1 2mÞg
þ Dp33fE2 þ 2½E 2cð1 m2Þr22  cEð2 mÞg
þ jd1½Eða33  ma22Þ þ 2a33r22ð1 m2Þ ðD3ÞAppendix E. Algorithm for computation
The return-mapping algorithm is used for computation. By use
of (20) and (29), the elastic trials are
ðr23tÞTnþ1 ¼ ðr23Þn þDr23
¼ ðr23Þn þDr23þr23ðD22þD33ÞDtþ2r33D23Dt
ðr33ÞTnþ1 ¼ ðr33Þn þDr33 ¼ ðr33Þn þDr33þ2r33D33Dt
ðr22ÞTnþ1 ¼ ðr22Þn þDr22 ¼ ðr22Þn þDr22þ4r23D23Dtþ2r22D22Dt
ðE1Þ
where D⁄r23, D⁄r33 and D⁄r22 are stress increments by use of the
convected rate and Dt is the time increment. The stresses are
ðr23Þnþ1 ¼ ðr23ÞTnþ12lDp23Dt
¼ ðr23Þnþr23ðD22þD33ÞDtþ2r33D23Dtþ2lD23Dt
ð4l cÞDp23Dtja23D1
ðr33Þnþ1 ¼ ðr33ÞTnþ1
E
1m2 ðD
p
33þ mDp22ÞDt
¼ ðr33Þnþ
E
1m2þ2r33
 
D33Dtþ Em1m2D22Dt
2 E
1m2 c
 
Dp33Dt
2Em
1m2 c
 
Dp22Dtja33D1
ðr22Þnþ1 ¼ ðr22ÞTnþ1
E
1m2 ðmD
p
33þDp22ÞDt
¼ ðr22Þnþ
Em
1 m2D33Dtþ4r23D23Dtþ
E
1m2þ2r22
 
D22Dt
 2Em
1 m2 c
 
Dp33Dt2
E
1m2 c
 
Dp22Dtja22D1
ðE2ÞThe increment of the back stress may be determined from (28)
ða22Þnþ1 ¼ ða22Þn þ 4D23ða23ÞnDt þ 2D22ða22ÞnDt
þ cð2Dp22 þ Dp33ÞDt  jða22ÞnD1
ða33Þnþ1 ¼ ða33Þn þ 2D33ða33ÞnDt þ cðDp22 þ 2Dp33ÞDt  jða33ÞnD1
ða23Þnþ1 ¼ ða23Þn þ ðD22 þ D33Þða23ÞnDt þ 2D23ða33ÞnDt
þ cDp23Dt  ja23ÞnD1
ðE3Þ
and that of the isotropic-hardening function f, from (39), as
fnþ1 ¼ fn  Ap1 Cos
1
1
p
  ﬃﬃﬃﬃﬃ
M
p
fnDK for 1 6 1
fnþ1 ¼ fn þ b
ﬃﬃﬃﬃﬃ
M
p
ðD fnÞfnDK for 1 > 1
ðE4Þ
In addition,
ðn23Þnþ1 ¼ ðr23Þnþ1ða23Þnþ1
¼ ðn23Þnþðn23ÞnðD22þD33ÞDtþ2½ðn33ÞnþlD23Dt4lDp23Dt
ðn33Þnþ1 ¼ ðr33Þnþ1ða33Þnþ1
¼ ðn33Þnþ
E
1m2þ2n33
 
D33Dtþ Em1m2D22Dt
 2E
1m2D
p
33Dt
2Em
1 m2D
p
22Dt
ðn22Þnþ1 ¼ ðr22Þnþ1ða22Þnþ1
¼ ðn22Þnþ
Em
1m2D33Dtþ4n23D23Dtþ
E
1 m2þ2n22
 
D22Dt
 2Em
1m2D
p
33Dt
2E
1 m2D
p
22Dt
ðE5Þ
where
DK ¼ _KDt ðE6Þ
and
Dp33Dt ¼ DKðg1n23 þ g2n33 þ g3n22Þ
Dp23Dt ¼ DKðg4n23 þ g5n33 þ g6n22Þ
Dp22Dt ¼ 0:9Dp33Dt
ðE7Þ
Using the ﬁeld function (13), the consistency condition of the
yield function may be found by setting up the function
g ¼ 2/nþ1  f 2nþ1 ðE8Þ
with the conditions that if g < 0, then DK = 0; and if gP 0, then DK
is determined by iteration so that g = 0. Knowing DK; _K can be
determined from (E6) and the result substituted into (E7) to deter-
mine the plastic strain components. Finally, the axial strain e and
the shear strain c are updated by use of
ðeÞnþ1 ¼ ðeÞn þ D33Dt
ðcÞnþ1 ¼ ðcÞn þ 2D23Dt
ðE9Þ
The aforementioned equations are for the general plane stress
state (rzz  rhh  rhz). In the calculation of axial stress–strain
curve, we set r23 = r22 = 0, and use (E2) for (r33)n+1, together with
the following expressions
ðn22Þnþ1 ¼ ðr22Þnþ1  ða22Þnþ1
¼ ða22Þnþ1 ¼ ða22Þn  4D23ða23ÞnDt  2D22ða22ÞnDt
þ c 2Dp22 þ Dp33
 
Dt þ jða22ÞnD1
ðn23Þnþ1 ¼ ðr23Þnþ1  ða23Þnþ1
¼ ða23Þnþ1 ¼ ða23Þn  D22 þ D23ð Þða23ÞnDt
 2D23ða33ÞnDt  cDp23Dt þ jða23ÞnD1
ðE10Þ
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sion, we set r22 = r33 = 0, and use (E2) for (r23)n+1, together with
the following expressions
ðn33Þnþ1 ¼ ðr33Þnþ1  ða33Þnþ1 ¼ða33Þnþ1
¼ða33Þn 2D33ða33Þ nDt c Dp22 þ 2Dp33
 
Dtþjða33ÞnD1
ðn22Þnþ1 ¼ ðr22Þnþ1  ða22Þnþ1 ¼ða22Þnþ1
¼ða22Þn 4D23ða23Þ nDt2D22ða22ÞnDt
þ c 2Dp22 þDp33
 
Dtþjða22ÞnD1
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